Abstract. We consider Schrödinger operators with a random potential of alloy type on infinite metric graphs which obey certain uniformity conditions. For single site potentials of fixed sign we prove that the random Schrödinger operator restricted to a finite volume subgraph obeys a Wegner estimate which is linear in the volume and reproduces the modulus of continuity of the single site distribution. This improves and unifies earlier results for alloy type models on metric graphs.
Introduction
Random Schrödinger operators have been extensively studied both on Euclidean space R ν and on the lattice Z ν . For a wide range of ergodic models several basic spectral properties have been established. These include the non-randomness of the spectrum and its measure-theoretic components, the existence of a self-averaging integrated density of states (IDS for short), as well as a closed trace-per-unit-volume formula for the latter quantity. Under more specific assumptions it has been proved that the IDS obeys certain continuity properties and/or that the spectrum of the random operator is purely localised, at least in certain energy regions. More precisely, for various models it has been shown that there exist energy intervals near spectral boundaries and certain disorder regimes such that the random Schrödinger operator exhibits pure point spectrum (in the mentioned energy interval) and that the associated eigenfunctions decay exponentially, almost surely. This phenomenon is called spectral or Anderson localisation, a term coined after the groundbreaking paper [And58] . Actually, even a stronger form of localisation holds for these operators, which is formulated in terms of the dynamical properties of the time-evolution operator associated to the Schrödinger operator. Since the literature on the mentioned models and results is vast, we refer only to the monographs [CL90, PF92, Sto01] and the references therein.
More recently the spectral properties of similar models on quantum respectively metric graphs have been analysed e.g. in [KS04, ASW06, HP, HV07, GLV07, EHS07, GV07, KP].
The present paper is devoted to the proof of a so called Wegner estimate for rather general random Schrödinger operators with non-negative alloy type potentials. This type of estimate goes back to the paper [Weg81] and concerns the expected number of eigenvalues of the Schrödinger operator restricted to a finite volume in a given energy interval. Let us stress certain interesting features of the models to which our main result applies: (1) The single-site potential needs to be positive on an open set, but this set may be arbitrarily small. (2) We do not need to assume a periodicity condition, since we do not rely on Floquet-Bloch theory. (3) Our Wegner estimate reproduces the (arbitrary) modulus of continuity of the single site distribution. In particular our results unify and extend the results of [HV07] and [GV07] .
The structure of the paper is as follows: In the second section we introduce our model and state the Wegner estimate as the main result. The third section describes two important applications of such estimates, namely consequences for the modulus of continuity of the IDS and localisation proofs via multiscale analysis, with an application to log-Hölder continuous single site distributions. The last section contains proofs of our new key lemma and the main theorem, as well as a few lemmata taken from [KV02] , [HV07] , [GV07] , and [GLV07] , adapted to the new context: arbitrary modulus of continuity, partial covering conditions. M.G. acknowledges enlightening discussions with J. Brasche to whom we owe parts of Remark 5. M.H. acknowledges partial support through the Deutsche Forschungsgemeinschaft. I.V. acknowledges support through the Emmy-Noether programme of the Deutsche Forschungsgemeinschaft.
Model and results
We start with the definition of metric graphs which are the underlying topological structures of our models. A metric graph is a triple G = (V, E, G) of two countable sets V and E (vertices and edges) and a map
which determines for each edge e an initial and terminal vertex and a positive length l e . In this sense we identify each edge e with the interval (0, l e ). The pair (V, E) is the combinatorial graph associated to the metric graph G = (V, E, G). If all vertex degrees are finite we get a metric on the topological space (CW-complex) G by taking the infimum of lengths of paths connecting two given points (see e.g. [Sch06] ). Given the metric graph G we introduce induced subgraphs. Here we write v e if v ∈ V is incident to e ∈ E. Definition 1. Let (V, E) be a combinatorial graph without isolated vertices and Λ ⊂ E. Then we define a partition of V as follows:
With V Λ := int Λ V ∪ ∂ Λ V , the combinatorial subgraph induced by Λ is then given by (V Λ , Λ).
Note that ∂ E\Λ V = ∂ Λ V and int E\Λ V = ext Λ V . The above partition of V can equivalently be described by comparing vertex degrees, if we declare deg
Now we define the restriction of the metric graph G = (V, E, G) induced by the edge-subset Λ by setting G Λ := (V Λ , Λ, G| Λ ). Here G| Λ denotes the restriction of the map G to Λ.
Next we define the negative Laplacian on L 2 (G) := ⊕ e∈E L 2 (0, l e ). To this end we introduce the Sobolev space W 2 2 (E) := ⊕ e∈E W 2 2 (0, l e ). Note that W 2 2 (0, l e ) ⊂ C 1 ([0, l e ]), so that the boundary values f e (0), f e (l e ), f ′ e (0), f ′ e (l e ) are well defined for f ∈ W 2 2 (E), where we set f e := f | e . We fix an arbitrary ordering for the edges e incident to v and write f (v) ∈ C deg v for the vector of boundary values of f e at 0 (resp. l e ) if ι(e) = v (resp. τ (e) = v). Similarly, we write ∂f (v) ∈ C deg v for the vector of boundary values of f ′ e (resp. −f ′ e ) at 0 (resp. l e ) if ι(e) = v (resp. τ (e) = v).
For each v ∈ V , let S v be a Lagrangian subspace of C 2 deg v with respect to the standard complex symplectic structure (see, e.g., [KS99] ). Then the operator −∆ G with boundary condition (S v ) v∈V is given by
This is the most general type of graph-local selfadjoint boundary conditions and includes Dirichlet (Dirichlet on the edge), Neumann (Neumann on the edge), free (Kirchhoff, Neumann, standard) boundary conditions, of course. We suppress the boundary conditions in the notation since they will be fixed and clear from the context.
Note that all of the above applies to subgraphs as well, once we specify the family of boundary value subspaces on the subgraph. These will be arbitrary in our Wegner estimates, with constants independent of this choice! On several occasions, we will make use of the so called restriction to G Λ with Dirichlet conditions: Given a Laplacian, i.e. a choice of boundary value spaces S v , v ∈ V, on G and a subset Λ ⊂ E we defineS v := S v for v ∈ int Λ V , i.e. on the interior vertices. For the boundary vertices v ∈ ∂ Λ V we setS v := {0} × C deg G Λ , which corresponds to Dirichlet boundary conditions. This works since in the interior, the degrees with respect to G and G Λ coincide. Now we turn to the construction of the potential term. An alloy-type potential is a stochastic process V : Ω × G → R of the form V ω = e∈E ω e u e , satisfying the following conditions:
The coupling constants ω e , e ∈ E, form a family of independent and identically distributed, non-trivial bounded random variables. In the operator under consideration each edge e is associated with a single site potential u e which is linearly coupled to ω e . For this reason the distribution of ω e is called a single site distribution. We denote it by µ. The expectation of the product measure P := e∈E µ is denoted by E.
The family of single site potentials u e , e ∈ E, is assumed to fulfil a partial covering condition and a summability condition:
Definition 2. Let I ⊂ R be an interval. The family of single site potentials u e , e ∈ E, is said to fulfil a partial covering condition with lower bound c − (I) > 0 if there is a family of nonempty subintervals S e ⊂ [0, l e ] of length s e , e ∈ E, and for each finite set of edges Λ there is a finite set of edges Λ u such that
holds for all λ ∈ I.
For the following definition, recall that for a metric graphG with finite set of edgesẼ and length function e → l e the volume is given by volG = e∈Ẽ l e . In contrast to this, |Λ| denotes the number of edges in Λ ⊂ E. Definition 3. Denote by Λ e the minimal set of edges containing the support of u e | Λ and by ∂ Λe V the boundary vertices of the induced subgraph G Λe . Then, the family of single site potentials u e , e ∈ E, is called summable if there are constants C j , j = 1, 2, 3, such that
(1)
for each finite set of edges Λ.
In particular, this holds if u e is supported on e, uniformly bounded above on [0, l e ] and away from 0 on S e (so that Λ u = Λ, Λ e = {e}) and there are uniform bounds on vertex degrees and edge lengths. But our definition is much more general. For instance, decreasing edge lengths can compensate for potential growth and vice versa.
On a given subset Λ ⊂ E, we define a random Schrödinger operator of alloy-type
The global modulus of continuity of the single site distribution µ is defined by
Remark 5. s need not be left-continuous as a function of ε since µ can have atoms. However, s is always right-continuous:
In fact, assume there is a sequence ε n ց ε such that lim n→∞ s(µ, ε n ) = s(µ, ε) + 2C, C > 0. Then there exists a sequence λ n , n ∈ N, such that µ(
Without loss of generality we can assume this sequence to be convergent, since the support of µ is compact. Now, the sequence of characteristic functions f n := χ [λn−εn,λn+εn] converges to χ [λ−ε,λ+ε] pointwise at least for x = λ − ε, λ + ε. Again, w.l.o.g. we can assume this sequence to be convergent everywhere, with limit 0 or 1 at x = λ − ε, λ + ε, so that lim f n =:
. Now, Lebesgue's dominated convergence theorem applies and shows that
Note also that due to monotonicity in ε, s(µ, ε) ≤ s(µ, tε) for every t ≥ 1, and that due to additivity, s(µ, M ε) ≤ M s(µ, ε) for M ∈ N. Thus, in the following we are free to absorb constant factors appearing in the argument of s into the overall constants in front of s.
With these definitions we can formulate Theorem 6. Let V ω be an alloy-type potential and λ 0 ∈ R an energy. Then there exists a constant C W = C W (λ 0 ) such that for all λ ≤ λ 0 , all finite sets of edges Λ and all ε ≤ 1/2
. Consider a metric graph G as defined above and u e , e ∈ E, a collection of single site potentials. Assume that for each e ∈ E the support supp u e as a subset of the interval [0, l e ] satisfies a e := inf supp u e ≥ 0 and b e := sup supp u e ≤ l e . Let (Ω, P), Ω = × e∈E R, P = ⊗ e∈E µ and (Ω ′ , P ′ ) be two (independent) probability spaces, and ξ e : Ω ′ → R, e ∈ E, a collection of random variables which satisfy ∀e ∈ E : 0 ≤ ξ e + a e and ξ e + b e ≤ l e .
Denote by ξ the family of random variables (ξ e ) e∈E . For any (ω, ξ) define the alloy type potential with random displacements by
Here we used the convention u e (y) = 0, if y ∈ [0, l e ]. Then for any fixed realisation of the vector ξ, the stochastic field V ω (x) := V ω,ξ (x) defines an alloy type potential satisfying the requirements of our theorem.
Example 8 (Alloy type potential on a Penrose tiling graph). Let G be a Penrose tiling graph considered as an embedded metric graph in R 2 . All its edges have length equal to one. Note that this graph is not periodic. Assume that the single site potential u e is bounded, that its support is contained in the edge e, and that there is a subinterval (a, b) ⊂ (0, 1) such that u e ≥ χ (a,b) . Then the potential V ω (x) := e∈E ω e u e (x) satisfies the requirements of Theorem 6.
Similar examples can be given with aperiodic graphs with several different edge-lengths.
Applications
There are two important applications of Wegner estimates. Firstly: In combination with a theorem which establishes the existence and the self-averaging nature of the IDS it can be used to bound the modulus of continuity of the latter quantity. Secondly: the Wegner estimate serves as an ingredient in the proof of localisation via the so called multiscale analysis. This method is an induction argument over increasing length scales and the induction step is based on the Wegner estimate.
3.1. Modulus of continuity of the IDS. We describe now how Theorem 6 leads to a continuity estimate for the IDS for Schrödinger operators on metric graphs with a Z ν -structure.
Using the standard embedding of Z ν in R ν we can define:
Definition 9 (Metric graphs with Z ν -structure). A metric graph with Z ν -structure has V = Z ν as vertex set and all line segments of length one connecting two vertices as edges. The orientation of edges is given by the direction of the increasing coordinate.
This gives a regular metric graph with degree 2ν and edge lengths 1.
Definition 10 (Alloy type models with Z ν -structure). An alloy type Schrödinger operator on a metric graph with Z ν -structure is a random Schrödinger operator of alloy-type H ω , ω ∈ Ω, on a metric graph with Z ν -structure (in the sense of Definition 9) such that the boundary subspace S v is independent of the vertex v and such that for any pair of edges e,ẽ such that e = e + k for some k ∈ Z ν (in the sense of the embedding Z ν ⊂ R ν ), we have uẽ(·) = u e (· − k).
For l ∈ N we define Λ l as the set of edges contained (via the embedding) in (0, l) ν which in turn defines the associated subgraph; and we introduce the operator H l ω on the subgraph as the sum of −∆ G Λ l and V ω | G Λ l , where ∆ G Λ l is the restriction to G Λ with Dirichlet boundary conditions.
For any l ∈ N and ω ∈ Ω the spectrum of the finite volume operator H l ω is real, lower bounded and discrete. Thus one may enumerate its eigenvalues in ascending order and counting multiplicities by
. . For each λ ∈ R and l ∈ N the volume-scaled eigenvalue counting function The following theorem is taken from [HV07] . It is the analogue of well known facts for operators on L 2 (R ν ) and ℓ 2 (Z ν ).
Theorem 11. Let H ω , ω ∈ Ω, be an alloy type Schrödinger operator on a metric graph with Z ν -structure as in Definition 10. Then there exists a subset Ω ′ ⊂ Ω of measure one such that for all ω ∈ Ω ′ and for all λ ∈ R where N is continuous the convergence
holds.
Corollary 12. Under the hypotheses of Theorem 11, the IDS obeys for all 0 ≤ ε ≤ 1/2 the estimate
Here C W (λ) and s(µ, ε) have the same meaning as in Theorem 6. In particular, the IDS is continuous if s(µ, 0) = 0.
Proof. The energies where N is continuous are dense in R. Assume first that λ 2 > λ 1 are two such points. Then
Note that the left hand side is non-random and that the terms in the difference on the right hand side are both uniformly bounded in ω and l. Thus
Now let λ ∈ R be arbitrary. By density, there exist sequences λ 2,n , λ 1,n , n ∈ N, consisting of points of continuity of N such that λ 2,n ց λ+ε, λ 1,n ր λ−ε and λ 2,n ≤ λ+1/2, λ 1,n ≥ λ−1/2 for all n ∈ N. Consequently
by property (3). Thus (6) holds for all λ 1 , λ 2 ∈ R.
Localisation via multiscale analysis.
We discuss now the application of Wegner estimates in the proof of localisation based on the multiscale analysis. This method of proof is applicable to a wide range of random operators. They have to satisfy certain conditions which can be divided into two groups. The first group of conditions is rather abstract and can be usually verified for the model at hand without too much effort. They are commonly stated as follows, see for instance [Sto01] :
• The underlying space has a R ν or Z ν structure. (Otherwise it may be impossible to define scales.) • The restrictions of the Hamiltonian H ω to two finite-volume subsets Λ and Λ ′ are independent random variables, provided Λ and Λ ′ are sufficiently far apart.
• The operator obeys a Weyl type bound, i.e. for each interval I ∈ R there exists a constant C such that
• A geometric resolvent inequality holds which relates resolvents of the operator restricted to different finite-volume subsets. For alloy-type random Schrödinger operators on Z ν -metric graphs all these conditions hold, as can be inferred from [GLV07, EHS07] .
There are two more conditions which are more intricate since they depend on the way how randomness enters the model. Here is how these two conditions typically work together to yield localisation:
Let two open energy intervals I, I 0 ⊂ R such thatĪ ⊂ I 0 be given. There exists a length scale L 0 ∈ N such that if for any L 1 ∈ N, L 1 ≥ L 0 the conditions (H1) an initial length scale estimate holds for the interval I on scale L 1 and (H2) a weak Wegner estimate holds on scale L ∈ N for all λ ∈ I 0 and L ≥ L 1 are satisfied, then localisation holds in the energy interval I. As mentioned before, this means in particular that there is no continuous spectrum in I and that eigenfunctions associated to eigenvalues in I decay exponentially, almost surely.
In the above formulation we have used the term weak Wegner estimate to distinguish it from the type of estimate we have established in Theorem 6. In many derivations of a Wegner estimate it was assumed that µ is absolutely continuous with bounded density, or at least Hölder continuous. It may be asked whether for a localisation proof it is relevant at all to establish bounds like (4) where s(µ, ·) is some unspecified modulus of continuity. In the following we want to highlight that such estimates have indeed interesting applications to the multiscale analysis.
We will say that a weak Wegner estimate on the scale L and at the energy λ (with parameters β, q > 0) holds if the following is true (cf. e.g. [DK89, Sto01] ):
We call a measure µ log-Hölder continuous with parameter α > 0, if for some c µ ∈ R and all 0 < ε < 1 we have
The following Lemma summarises our observation (which is certainly known among the experts, although we did not find it written up anywhere). It holds for random operators on metric graphs with Z ν -structure, on the Euclidean space R ν and on the lattice Z ν .
Lemma 13. Let H ω , ω ∈ Ω, be a random Schrödinger operator and I 0 ⊂ R a bounded interval. Assume that there exist constants C W , L 0 such that for all
Assume that the measure µ is log-Hölder continuous with parameter α > (q + ν)/β > 0. Then a weak Wegner estimate with parameters β, q > 0 holds true at all energies λ ∈ I 0 and on all scales
Proof.
Besides applying to random Schrödinger operators on metric graphs by using our Theorem 6, this Lemma in particular implies that the Wegner estimates of [HKN + 06, CHK] can be used to derive spectral localisation for Anderson and alloy-type operators on ℓ 2 (Z ν ) and L 2 (R ν ) whose single site distributions are log-Hölder continuous.
So far our discussion has been quite abstract. Now we want to give a specific example where hypotheses (H1) and (H2) are fulfilled for random operators on metric graphs. This is the case for the model considered in [EHS07] and [Hel07] . There Anderson and strong dynamical localisation is proved for an alloy type model with Z ν -structure. In these works the single site potentials are characteristic functions of the edges and the measure µ is Hölder continuous with support on an interval [q − , q + ], 0 ≤ q − < q + . Under these assumptions, in [EHS07] a Wegner estimate is proved. [EHS07] provides also an initial length scale estimate. This one, however, relies on a second assumption on the measure which is sometimes dubbed disorder assumption. This type of technical assumption is often used if no result on Lifshitz tails is available. The initial scale estimate derived in [EHS07] is the following: Theorem 14. Assume that the support of µ is [q − , q + ], 0 ≤ q − < q + , and that there exists τ > ν 2 such that µ([q − , q − + h]) ≤ h τ for h small. Then for each ξ ∈ (0, 2τ −ν) there exist β = β(τ, ξ) ∈ (0, 2) and l * = l * (τ, ξ) such that
holds for all l ≥ l * .
It is possible to combine the results of [EHS07, Hel07] and the Wegner estimates proved in this paper to conclude localisation for a wide class of alloy type models on metric graphs with Z ν -structure: Assume that µ is as in Theorem 14, that it is log-Hölder continuous with exponent α > 4ν, and that u e ≥ χ e . In this case we obtain a weak Wegner estimate (for ν < q < α 2 − ν) and an initial length scale estimate which allow to conclude by the same line of argument as in [Hel07] that there is a neighbourhood of inf σ(H ω ) where the spectrum is purely localised.
Proofs
From [GLV07, GV07] we will need a lemma on the spectral shift function (SSF for short) for restrictions to finite subgraphs, whose proof we spell out in more detail below. For a definition of and more background on the SSF, see for instance [Kos99] .
Lemma 15. Let G be a finite or infinite metric graph, Λ a finite subset of its edges, −∆ a selfadjoint realisation of the Laplacian on L 2 (G) and W 1 , W 2 two potentials acting as bounded operators on L 2 (G) such that supp(W 2 − W 1 ) ⊂ G Λ . Set H j = −∆ + W j , j = 1, 2, and assume that the SSF ξ H 1 ,H 2 is well defined. Denote the restriction of H j to G Λ with Dirichlet conditions by h j , j = 1, 2. Then
Proof. The basic idea is to decouple the interior of G Λ from the exterior by choosing appropriate boundary conditions on ∂ Λ V . So, let H D j be given by the same differential expression as H j , but with the domain specified through the following graph-local boundary conditions: for vertices in v ∈ ∂ Λ V we choose Dirichlet conditions, i.e. S v := {0} × C deg G (v) ; for the other vertices of G we choose the same boundary value subspaces S v as for H j . Then
according to Corollary 11 and Lemma 13 of [GLV07] , since this is the maximal rank of the perturbation induced by changing boundary conditions on ∂ Λ V . Now, by construction the subgraphs G Λ and G E\Λ of G have disjoint complementing edge sets Λ and E \ Λ, their sets of interior vertices int Λ V and int E\Λ V = ext Λ V are disjoint, and the intersection of their vertex sets is precisely ∂ Λ V = ∂ E\Λ V , which are the only vertices which connect these subgraphs to each other. Since we chose Dirichlet conditions for H D j on these connecting vertices and since Dirichlet conditions decouple, the H D j decompose into a direct sum of interior and exterior parts, i.e. operators on G Λ and G E\Λ . The latter coincide by assumption, the former are given by h j . This proves the assertion.
From [GLV07, GV07] we also need a lemma on the spectral shift for potential perturbations:
Lemma 16. Let −∆ be a selfadjoint realisation of the Laplacian on an arbitrary finite metric graph G and let W 1 , W 2 be bounded potentials on L 2 (G). Set
where vol G = e∈E(G) l e is the one-dimensional volume of G.
We need one more preparatory lemma before giving the proof of Theorem 6. Let ρ be a smooth, monotone switch function ρ := ρ λ,ε : R → [−1, 0]. By a switch function we mean that for a positive ε ≤ 1/2, ρ has the following properties:
Lemma 17. Under the assumptions of Theorem 6 there is a constant C uc > 0 depending only on I and u such that
Proof. We know from [KV02, HV07] (keeping track of good Sobolev constants and lengths) that for an eigenfunction ψ to the eigenvalue λ by normalisation. Denote by λ Λ n (ω) the n-th eigenvalue of H Λ ω and by ψ n the associated, normalised eigenfunction. Since e∈Λ u ∂λ Λ n (ω) ∂ωe = e∈Λ u (ψ n , u e ψ n ), our partial covering condition from Definition 2 and the explicit form of the estimate above finally lead to
for all eigenvalues λ Λ n of H Λ ω inside a bounded energy interval I. The bound C 1 (I) does not depend on the set of edges Λ ⊂ E and on the eigenvalue index n ∈ N. Set V ω,t := V ω + t e∈Λu u e , and denote by λ Λ n (ω, t) the eigenvalues of the corresponding Schrödinger operator restricted to the finite graph G Λ . Then
By the isotonicity of ρ it follows that Let Λ u be as above. Λ u contains L := |Λ u | edges. We enumerate the edges in Λ u by e : {1, . . . , L} → Λ u , n → e(n), and set
u e(m) , n = 1, 2, . . . , L.
Thus
We fix n ∈ {1, . . . , L}, define The function φ n is continuously differentiable, monotone increasing and bounded. By definition of φ n ,
since φ n (η) = Tr ρ(H Λ ω − 2ε + 4ε ′ W n−1 + (η − ω e(n) )u e(n) ) , so that
[φ n (ω e(n) + 4ε ′ ) − φ n (ω e(n) )] dµ(ω e(n) )
where E ω e(n) denotes the expectation with respect to the random variable ω e(n) only. Let supp(µ) ⊂ (a, b). Using Lemma 6 in [HKN + 06] we have [φ n (ω e(n) + 4ε ′ ) − φ n (ω e(n) )] dµ(ω e(n) ) ≤ s(µ, 2ε ′ )[φ n (b + 4ε ′ ) − φ n (a)].
Denote by ξ Λ,n the SSF associated to the pair of operators H n (a), H n (b + 2/C uc ) on L 2 (Λ) where H n (η) is given by H n (η) := H Λ ω − 2ε + 4ε ′ W n−1 + (η − ω e(n) )u e(n) . Then by the Krein trace identity and the normalisation of ρ φ n (b + 4ε ′ ) − φ n (a) = b+4ε ′ a ρ ′ ξ Λ,n dλ ≤ ξ Λ,n ∞ .
Let Λ e , u e , ∂ Λe V and G Λe be as in the definition of summable potentials. By ξ Λ e(n) ,n we denote the SSF associated to the pair H n (a), H n (b + 2/C uc ), but now considered as operators on L 2 (Λ e(n) ). Apply Lemma 15 to obtain:
Now apply Lemma 16 successively L times to obtain
by the summability condition on the family of single site potentials.
